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Abstract
We characterise novel propagation modes that occur when semi-inﬁnite air ﬁngers and ﬁnite air bubbles displace viscous ﬂuid
from microchannels. The presence of an axially-uniform rectangular occlusion within a rectangular cross-section leads to a mul-
tiplicity of modes, in contrast to the single symmetric mode present in unoccluded channels. For air ﬁngers, the asymmetric 1,
oscillatory2 and localised modes3 ﬁrst identiﬁed in millimetric channels persist at the micron-scale, conﬁrming that signiﬁcant
gravitational eﬀects are not necessary to support these states. Suﬃciently large ﬁnite bubbles exhibit analogous modes with quanti-
tatively similar ﬂow measures, indicating that the physical mechanisms supporting the propagation modes of ﬁnite bubbles are the
same as those identiﬁed for the air ﬁngers 4. In contrast to the air ﬁngers, in which oscillations are always initiated near the ﬁnger
tip and propagate backwards, oscillations in ﬁnite bubbles can arise from either end of the bubble.
c© 2013 The Authors. Published by Elsevier B.V.
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1. Introduction
Detailed understanding of the behaviour of bubbles and droplets in ﬂuid-conveying microchannels is essential for
the eﬃcient design of micromachines and lab-on-a-chip applications5. Speciﬁc applications of oscillating bubbles
include pumps, mixers, ﬁlters and transporters6, but the oscillations are usually driven actively by acoustic forcing via
a piezoelectric transducer. We have recently found that simple modiﬁcations of channel geometry can induce passive
self-sustaining oscillations in air ﬁngers2, which oﬀers the possibility of simple, robust control of oscillations without
microscale moving parts. However, our initial experiments were conducted in millimetre-scale channels and did not
use ﬁnite bubbles. The principal aim of the present study is to determine whether the phenomena persist for ﬁnite
bubbles at the microscale.
The behaviour of two-phase ﬂow in conﬁned geometries depends crucially on the nature of the phases and the rela-
tive volume fraction of each phase. Here, we shall restrict attention to gas-liquid ﬂows. Suﬃciently small gas bubbles
are passively advected by the carrier liquid, and exert minimal inﬂuence on the ﬂow. As the bubble volume increases,
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Fig. 1. Schematic diagram of the experimental setup and microchannel cross-sectional geometry. Two channels were used, with common dimen-
sions H = 300 ± 5 μm, W = 1000 ± 5 μm, w = 300 ± 5 μm, and diﬀerent step heights of h = 100 ± 5 μm and h = 150 ± 5 μm, respectively.
however, its interaction with the channel geometry and ﬂow becomes more and more signiﬁcant. The extreme situ-
ation occurs when air is continuously driven into the channel at a ﬁxed ﬂow rate, which leads to the formation of an
air ﬁnger that displaces the pre-existing liquid. Such a displacement ﬂow is a fundamental phenomenon in two-phase
ﬂuid mechanics and has a diverse range of further applications including mammalian respiration, oil extraction, and
industrial coating and transport processes.
In an axially uniform tube with a regular cross-section, e. g. circle7, ellipse8, square9, rectangle8,9, polygon9,10, a
single symmetric propagation mode is observed, in which the air remains centred along the axis of the tube. Our recent
work in millimetric channels has shown that simple geometric changes can induce a multiplicity of propagation modes
adding asymmetric1, oscillatory2 and localised modes3 to the usual symmetric state. In all cases, we considered an
axially-uniform, centred rectangular occlusion within a rectangular cross-section. For suﬃciently high occlusions, an
axial force balance demonstrates that asymmetric solutions are possible in such geometries even in the absence of
ﬂow3; these static solutions connect to the localised solutions as the ﬂow rate increases.
The presence of the obstacle causes: (i) a local increase in viscous resistance; and (ii) a local restriction on the
minimum interface curvature within the cross-section. An extension of the depth-averaged model of McLean &
Saﬀman11 has been developed to investigate the consequences of these two eﬀects4. The model captures all qualitative
features of the millimetric experiments. Moreover, it reveals that the non-localised asymmetric states arise from a
symmetry-breaking bifurcation that is a consequence of the local changes in viscous resistance, but that the changes
in interfacial curvature as the interface passes over the edge of the obstacle are responsible for the oscillatory modes.
Unfortunately, the model is not in quantitative agreement with the experiments because it is only appropriate for
channels of large aspect ratio and assumes negligible gravitational forces. In the millimetric experiments, gravitational
eﬀects cannot be neglected because the hydrostatic pressure diﬀerence over the tube height is comparable to the
pressure jump across the air-liquid interface.
In this paper, we present experimental results demonstrating that all the (stable) air-ﬁnger propagation modes
identiﬁed in millimetric channels and the depth-averaged model can also be found in microchannels, for which gravi-
tational eﬀects are negligible. In addition, we extend the study to investigate the behaviour of ﬁnite bubbles and ﬁnd
that they also exhibit analogous propagation modes, including oscillations, provided that their characteristic length is
longer than the width of the channel.
2. Experimental methods
A schematic diagram of the experimental apparatus is shown in Fig. 1. The experiments were performed in two
microchannels with a nominal cross-sectional height of H = 300 ± 5 μm, and a width of W = 1000 ± 5 μm, which
was as a reference lengthscale in all the experimental images. An axially uniform, occluding step, was positioned
symmetrically halfway across the bottom boundary of the tube, and extended over the working part of the channel,
which had a length to width ratio of 38. Both channels had a step width of w = 300 ± 5 μm, but diﬀerent step heights
of h = 100 ± 5 μm and h = 150 ± 5 μm, respectively. Hence, the channels had constant aspect ratio α = W/H = 3.2,
and fractional step width αw = w/W = 0.3, while the fractional step height took values of αh = h/H = 1/3,
and αh = 1/2. A pair of symmetric side-channels, each angled at 45◦ with respect to the main channel, allowed
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the injection of air to form individual ﬁnite bubbles. The channels were manufactured by micro-milling a piece
of Perspex (CAT3D-M6, CNC, milling machine, Datron Technologies Ltd), and sealed with a clear adhesive ﬁlm
(Corning), which was supported by a precision-milled Perspex lid. This method enables the manufacture of complex
cross-sectional geometries, and in our channels, rounded corners due to the milling process had radii of curvature of
less than 5 μm.
Each channel was completely ﬁlled with Galden R©HT270 (perﬂuoropolyether from Solvay Solexis, with dynamic
viscosity μ = 2.99 × 10−2 kg m−1 s−1, density ρ = 1856 kg m−3, both measured at the laboratory temperature of
21◦ ± 1◦C, and surface tension σ = 2.0 × 10−2 N m−1, speciﬁed by the manufacturer), and connected to a sealed
liquid reservoir at one end. A ﬂow of constant volume-ﬂux Q was imposed by withdrawing liquid from this end with
a syringe pump (KDS210, KD Scientiﬁc). Air ﬁngers were formed by leaving the opposite end of the tube open to the
atmosphere. In order to study the propagation of ﬁnite air bubbles, the opposite end of the channel was connected to
a liquid reservoir open to the atmosphere. The bubbles were formed at the junction of the main liquid-ﬁlled channel
and a rectangular side-channel (see Fig. 1) by manually injecting air into the side channel, and controlling bubble
pinch-oﬀ by tilting the apparatus. Although more advanced control methods would be required to generate a single
drop of prescribed volume12,13,14, we were able to form single bubbles of unknown volume, which we parametrised
by measuring their length during symmetric propagation in the occluded channel, at a low ﬂow rate of Q = 20 μl/min.
We denote by L the measured bubble length rescaled by channel width W. We were unable to stabilise short bubbles
with L < 1 in a symmetric conﬁguration (either statically or under ﬂow conditions), as they systematically adopted an
asymmetric shape (see section 3.2).
The motion of the steadily propagating ﬁnger tip or bubble under constant volume-ﬂux ﬂow was recorded in top-
view at a rate 100 frames per seconds with a video camera (PCO), whose ﬁeld of view covered the ﬁnal 38 mm
of the tube (length/width ratio of 39). The velocity of the ﬁnger (bubble) tip, U, and hence the capillary number,
Ca = μU/σ, a dimensionless measure of the propagation speed, were determined from image analysis of the frames.
The experimental value of the Weber number, the ratio of inertial to surface tension forces, remains low (We =
ρU2H/2σ < 0.03), so inertial eﬀects are negligible. Similarly the small value of the Bond number, the ratio of
gravitational to surface tension forces, Bo = ρgH2/4σ = 0.02, means that buoyancy eﬀects are also negligible. A
bulk measure of the ﬂuid displacement is given by the wet fraction m = 1 − Q/(AU), deﬁned as the ratio of the liquid
volume that remains once an air ﬁnger has exited the tube to the total volume of the tube; here, A = WH − wh is the
cross-sectional area of the tube. We used the same measure to characterise the motion of ﬁnite bubbles, but in this
case, m does not have a simple physical interpretation.
3. Results
3.1. Air Fingers
We ﬁrst consider the propagation of air ﬁngers, in part as a check on the ﬁdelity of the new experimental setup. We
present experimental results showing the wet fraction as a function of Ca in Fig. 2 for the two diﬀerent channels (a)
αh = 1/3 and (b) αh = 1/2. The range of possible propagation modes was explored by modifying the initial condition:
symmetric (light symbols) or asymmetric (dark symbols) ﬁnger. For small Ca, the ﬁnger is symmetric and the wet
fraction increases with increasing Ca. Above a critical Ca, the symmetric state loses stability and an asymmetric ﬁnger
is found. In both channels, there is a region of bistability and oscillatory ﬁngers are found in the channel with the
lower obstacle, but localised ﬁngers are found in the case of the higher obstacle.
The results in microchannels are similar to previous results in millimetric channels2,3 for which Bo = 1. In
particular, the decrease in critical Ca for an increased obstacle height and the concomitant increase in the diﬀerence
in m between symmetric and asymmetric states is seen in both sets of results. We note that the exchange of stability
between symmetric and asymmetric states occurs at a given ﬂow rate so the product (1 − m)U must be constant for
the two critical states. Hence, an increased change in m leads to an increased change in U and a greater change in Ca
is found at exchange.
Increasing the Bond number causes the bubble to be squeezed towards the upper boundary of the tube, increasing
its width, but decreasing its cross-sectional area at a given ﬂow rate15, which causes a quantitative diﬀerence between
the results at the two scales. Consequently, the wet fractions for the symmetric solutions are generally lower in
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Fig. 2. Plot of the wet fraction m as a function of Ca. Light (dark) symbols correspond to symmetric (asymmetric) initial states respectively. The
white crosses denote oscillatory ﬁngers. (a) αh = 1/3: Inset pictures show the three observed modes of propagation: symmetric, asymmetric and
oscillatory ﬁngers. (b) αh = 1/2: Inset pictures show the three observed modes of propagation: symmetric, asymmetric and localised ﬁngers.
microchannels. The increase in ﬁnger width with Bond number at ﬁxed Ca would be expected to modify the interaction
between the interface and the edge of the obstacle and, hence, to alter the range of Ca over which oscillations are
observed. Indeed, the oscillations are seen in millimetre-scale channels for both obstacle heights ( αh = 0.35 or 0.49,
and αw = 1/3). The depth-averaged simulation results suggest that in the absence of gravity in wide channels, the
oscillations cease for suﬃciently high obstacles4 as found here.
3.2. Finite bubbles
In Fig. 3 we present a comparison of data for a ﬁnite bubble with L = 2.03 and an air ﬁnger in the microchannel
with αh = 1/3. In Fig. 3(a) the global measure m is plotted as a function of Ca for ﬁngers (red circles) and bubbles
(green squares) and is broadly similar for both bubbles and ﬁngers. We might expect m to be lower for the bubble
because a ﬁnite bubble requires a higher ﬂow rate to propagate at a given speed, owing to the additional drag induced
by the rear meniscus. Over the range of data presented, we ﬁnd that the ﬁnger, or bubble, propagation speed is
approximately proportional to the ﬂow rate. Moreover, the constant of proportionality is the same for all bubble
lengths and the air ﬁnger, within experimental error. Hence, the eﬀects of the rear meniscus are negligible, as also
found by Ratulowski & Chang16 for bubbles with L > 1. In addition, we note that comparisons at the same ﬂow rate
are approximately equivalent to comparisons at the same Ca. In Fig. 3, although the values of m for the ﬁnite bubble
generally lie below those of the air ﬁnger, there is suﬃcient noise to prevent a deﬁnite conclusion on this point.
At a given ﬂow rate, the shapes of the ﬁnger and bubble tips for the non-oscillatory states are very similar, as
shown in the inset of Fig. 3(a). In both cases, the symmetric solution exists over the same range of Ca, but the range
of oscillations is smaller for the ﬁnite bubble. Figure 3(b) shows a comparison between an oscillatory bubble and an
oscillatory ﬁnger both recorded at Q = 50 μl/min. The general dynamics are very similar and are further quantiﬁed in
Fig. 5, which shows the period of oscillation.
The eﬀect of bubble volume, quantiﬁed by its length, is shown in Fig. 4. When the bubble length is smaller than
the channel width, L < 1, the bubbles are always asymmetric and localised within the side channels where the viscous
resistance is lowest. No oscillations are observed because there is no interaction between the bubble and the obstacle.
For larger bubbles, the range of existence of a stable symmetric solution appears to be independent of bubble length.
This is consistent with a symmetry-breaking mechanism that depends on the local viscous resistance encountered
by the bubble tip, provided that the bubble tip remains approximately the same shape, which is certainly the case in
unoccluded tubes for suﬃciently long bubbles16.
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Fig. 3. (a) Comparison between air ﬁngers and a ﬁnite bubble with L = 2.03 in the microchannel with αh = 1/3. The measure m is plotted as a
function of Ca for both ﬁngers (red circles) and bubbles (green squares). Light (dark) symbols correspond to symmetric (asymmetric) initial states,
respectively. The white crosses denote oscillatory bubbles. The inset pictures illustrate the symmetric modes (Q = 20 μl/min) and asymmetric
modes (Q = 90 μl/min) of bubble and ﬁnger propagation. (b) Comparison between an oscillatory bubble and an oscillatory ﬁnger both recorded
at Q = 50 μl/min. Five consecutive snapshots of the bubble illustrate a period of oscillation, while a snapshot of the oscillating ﬁnger shows the
periodic pattern shed behind the tip.
In air ﬁngers, the oscillations are initiated at a speciﬁc distance, Ltip(Ca), behind the ﬁnger tip where the edge of
the ﬁnger ﬁrst interacts with the edge of the obstacle2,4. At both scales, Ltip increases with Ca until, ultimately, the
oscillations cease2. The increase in Ltip is due to the increased curvature of the tip induced by the increasing viscous
pressure gradient which means that the ﬁnger width increases over longer distances as Ca increases. For the ﬁnite
bubbles, the bubble length must be greater than Ltip to support this mechanism, which explains why the range of Ca
over which oscillations occur increases with increasing bubble length, see Fig. 4.
The dynamics of the oscillations are quantiﬁed in Fig. 5, which shows the period of oscillation as a function of
Ca. The period appears to be independent of bubble length, for bubbles that are large enough to interact with the
obstacle, and appears to be diverging as Ca decreases. In the millimetric channels, the logarithmic divergence of the
spatial period of oscillations was used as evidence for the existence of a global homoclinic bifurcation. The data is not
as compelling in the microchannels, but the good agreement between the periods of the air ﬁnger and ﬁnite bubbles
suggests that the same dynamic mechanism underlies all the oscillations in the microchannels. We cannot rule out the
possibility that the reduction in Bo has changed the mechanism between the millimetric and micron-sized channels,
however.
The evolution of typical oscillations for three diﬀerent bubble volumes at the same ﬂow rate Q = 50 μl/min are
presented in Fig. 6. In all cases the characteristic length scale of the oscillations is the same because the propagation
speed and oscillation periods are the same. For the shortest bubbles, Fig. 6(a), Ltip ≈ L and so the oscillations
begin near the end of the bubble and are relatively small. For the longer bubbles the oscillations are initiated at
approximately the same Ltip, and the rear of the bubble is more signiﬁcantly deformed, Fig. 6(b). For the longest
bubbles, two periods of the oscillations can be accommodated within the bubble length, Fig. 6(c).
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Fig. 4. Comparison between bubbles of diﬀerent length, where m is plotted as a function of Ca. Light (dark) symbols correspond to symmetric
(asymmetric) initial states, respectively. The white crosses denote oscillatory bubbles. The step height is αh = 1/3.
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Fig. 5. Dependence of the period of oscillation on Ca. For each bubble, the data point with the largest value of Ca indicates the threshold beyond
which oscillations were no longer observed. Oscillations of long ﬁnite bubbles (L = 4.76 and L = 6.26) persisted for larger values of Ca than the
oscillations of air ﬁngers. The step height is αh = 1/3.
In fact, oscillations can occur even when Ltip > L, as shown in Fig. 7 for Q = 70 μl/min. This is also shown by
the data in Fig. 5, where for each bubble, the data point with the largest value of Ca indicates the threshold beyond
which oscillations were no longer observed. Oscillations of long ﬁnite bubbles (L = 4.76 and L = 6.26) persisted for
larger values of Ca than the oscillations of air ﬁngers. A long ﬁnite bubble consists of a front meniscus, an axially
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Fig. 6. Bubble deformation during one period of oscillation at Q = 50 μl/min: (a) L = 2.03; (b) L = 3.03; (c) L = 6.26. The consecutive snapshots
are positioned to show the advancing position of the bubble. The step height is αh = 1/3.
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Fig. 7. Consecutive snapshots of a bubble with L = 6.26 at Q = 70 μl/min, showing how oscillations can arise from the back of the bubble and
propagate towards its tip. The step height is αh = 1/3.
uniform middle region and a rear meniscus. The front meniscus adopts the same shape as a semi-inﬁnite ﬁnger7,16,
but the rear meniscus is always wider than the preceding uniform region7,17. The additional widening of the ﬁnger at
the rear meniscus allows interaction with the obstacle and the initiation of oscillations. Thus, the range of oscillations
for ﬁnite bubbles is always greater than that predicted by using the criterion that L < Ltip.
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4. Conclusions
We have explored the propagation modes of ﬁnite bubbles and air ﬁngers in rectangular microchannels that contain
axially-uniform rectangular occlusions. Unlike unoccluded channels where there is a single, symmetric mode, at least
four distinct propagation modes can occur: symmetric, asymmetric, oscillatory and localised. In general, the modes
are similar to those previously observed in millimetre-scale tubes1,2,3, which conﬁrms that gravity is not an essential
physical mechanism required to support these states. We note that the range of existence of particular modes is altered
by the relative importance of gravity.
The results for ﬁnite bubbles are quantitatively and qualitatively similar to those of the air ﬁngers. We ﬁnd that
a global measure of the solution m is essentially independent of bubble volume, to within experimental error. The
striking oscillatory propagation modes rely on the interaction between the air-liquid interface and the edge of the
obstacle4, and we ﬁnd that the range of ﬂow rates for which oscillations are present does depend on bubble volume.
For small bubbles, the interface never interacts with the obstacle and oscillations are not observed. Once the bubble
is suﬃciently large, it propagates with a single spatial period of oscillation. As the length increases further, additional
spatial waves can be accommodated along the bubble. In air ﬁngers, the oscillations are initiated at a critical distance
Ltip(Ca) behind the tip. The range of existence of oscillations in ﬁnite bubbles increases with length, but we ﬁnd that
oscillations are still supported even when L < Ltip, which is due to the additional broadening of the bubble at the rear
meniscus. Hence, oscillations for L < Ltip are always initiated at the rear of the bubble. Moreover, for suﬃciently
long bubbles, the rear meniscus allowed oscillations over a greater range of capillary numbers than for air ﬁngers.
The spatial period of the oscillations is independent of bubble volume, suggesting that the mechanism is entirely local
and that the period is set by an interaction between the local geometry, viscous forces and surface tension. Thus, we
anticipate that speciﬁcally designed tube geometries can be used to induce particular oscillation wavelengths.
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